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HOMOLOGICALLY HOMOGENEOUS RINGS
BY
K. A. BROWN AND C. R. HAJARNAVIS

ABSTRACT. In this paper we study the structure of a right Noetherian ring R of finite
right global dimesion integral over a central subring C and satisfying the following
condition:

if V, W are irreducible right R-modules with r(V) = r(W) then prdim (V) =
prdim(W).

1. Introduction. Let R be a ring with a central subring C. We shall say that R is
homologically homogeneous (hom. hom.) over C if (i) R is right Noetherian; (ii) R is
integral over C; (iii) the right global (projective) dimension of R (denoted
rtgldim(R)) is finite; and (iv) if ¥ and M are irreducible right R-modules whose
annihilators in C, namely r~(V) and r-(W), are equal then prdimg(V) =
prdim g(W). (Here, prdimg(V') denotes the projective dimension of the R-module
V) This paper is devoted to the study of such rings. Examples of them include (a)
commutative Noetherian rings of finite global dimension; (b) hereditary Noetherian
rings integral over their centers with no Artinian ideals; (c) right Noetherian local
rings of finite right global dimension which are integral over their centers; and (d)
certain rings arising in the representation theory of semisimple Lie groups [2]. In
addition, we show in §7 that polynomial rings over hom. hom. rings, and certain
group rings, are hom. hom.

Rings of type (c) were studied in [5] where we showed that their maximal ideals
had rank equal to their grade, defined in terms of maximal lengths of C-sequences.
We termed such rings C-Macaulay—a precise definition is given in §2—and showed
in [5, §4] that they share many of the properties of commutative Cohen-Macaulay
rings. The key to the study of a ring R hom. hom. over C is Theorem 2.5—if R is
hom. hom over C, then it is C-Macaulay. We list now the main results of this paper,
which all flow more or less directly from this fact.

(i) cl k-dim(R) = k-dim(R) = rtgldim(R), (where cl k-dim( ) [resp. k-dim( )]
denote the classical [resp. Gabriel-Rentschler [9]] Krull dimensions), (2.5).

(ii) For all prime ideals P of R, the rank of P equals its grade (2.6).

(iii) R and C satisfy the saturated chain condition on prime ideals, (2.6).

(iv) R is hom. hom. over C if and only if it is hom. hom. over its center Z, (2.7). (So
the reference to C in the definition of a hom. hom. ring is superfluous.)

(V) The localization of R at a semiprime ideal of C is again hom. hom., (3.5); this
fact is used crucially in the proofs of the remaining properties.
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(vi) R is a finite direct sum of prime hom. hom. rings, (5.3).

(vii) The center of R is a finite direct sum of Krull domains (6.1).

(viii) If {x,...,x,} is a C-sequence on R, then R/Z,x,R has a quasi-Frobenius
quotient ring, (4.4).

For rings of types (a) and (b) these results are of course well known (and do not
require the integrality of R over C in case (b)). For rings of type (c) some of the
results were obained in [5], to which this paper is a sequel, and for a ring finitely
generated over its semilocal center versions of (i), (i) and (iii) were obtained in [21].
A question of J. Bernstein concerning rings of type (d) is answered by (i). We are
grateful to Professors J. Bernstein and M. Artin for bringing this question to our
attention. We would also like to thank Professor Artin for several helpful conversa-
tions on these matters and in particular for sketching to us an outline proof of (vi).

Some further results and open questions are touched on in §8.

All rings are assumed to contain an identity; all modules are unital, and are right
modules unless otherwise described. We shall follow the notation of [5] and we refer
the reader to that paper for some of the elementary properties.

The research described here was done while the first author was attending the
1981-82 Ring Theory Symposium at the University of Warwick. He thanks the staff
of the University of Warwick Mathematics Institute for their hospitality, and the
United Kingdom S.E.R.C. for its financial support.

2. Centrally Macaulay rings. The main result of this section is Theorem 2.5.

2.1. LEMMA. Let the right Noetherian ring R be integral over the subring C. Let m be
a maximal ideal of C, and V a finitely generated R-module with V,, = 0. Then
prdimg(V) = prdimg (V).
PROOF. Let n = 0, and let W be an R-module with
0 # E = Ext}(V,W).
Since V is right Noetherian, E,, = Ext} (V,,, W,,) as in [16, 11.58]. Since E, = 0 we

have 0 # E, = Exty (V,,,W,). Hence, prdimg (V) = prdimg(}V'). The reverse
inequality follows from the exactness of localization.

2.2 COROLLARY. Let R be a ring which is homologically homogeneous over a central
subring C, and let m be a maximal ideal of C. Then R is homologically homogeneous
over C,,.

2.3. LEMMA. (i) Let R be a right Noetherian ring. Suppose that either R is semilocal
and J(R) has the right AR property or that R is left Noetherian. If R has finite right
global dimension, then rt gl dim (R) = sup{prdim g(V'): V simple}.

(i1) Let R be hom.hom. of dimension n over the local central subring C. Let M be a
finitely generated R-module with nonzero socle. Then prdim(M) = n.

PROOF. (i) [3, Proposition 1.1 and 4, 4.8].

(ii) [12, Theorem B, p. 124].

2.4. Let C be a central subring of the right Noetherian ring R. If / is an ideal of R
(or C) and 4 is a finitely generated R-module, the length of a maximal C-sequence
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in I on A is called the C-grade of I on A, denoted G-(I, A). (A C-sequence in I on A
is an ordered sequence {x,,...,x,} of elements of I N C such that A(Z, x,R) # 4
and each x, ., is a nonzero divisor on the module 4 /A(Ej:, x;R).) Further details
may be found in (S, §4], where it is shown that G-(1, 4) is well defined. We write
G(I) for G-(I, R).

The ring R is centrally Macaulay over C, or C-Macaulay, if G-(M, R) = rank(M)
for all maximal ideals M of R. (The rank, rank(P), of a prime ideal P is the greatest
integer ¢ for which there exists a chain P = P2 P, 2 --- 2 P, of prime ideals

)

2.5. THEOREM. Let R be a ring which is homologically homogeneous over the central
subring C. Let M be a maximal ideal of R. Then

G-(M) = rank(M) = prdim4(R/M).
In particular, R is C-Macaulay and k-dim(R) = rt gl dim(R).

PrROOF. Let M N C = m, a maximal ideal of C. By [5, 4.7] and Lemma 2.1, R can
be replaced by R,,; that is, we may assume that C is local. By [5, 5.1 and 6.1],

G-(M) <rank(M) < prdim4(R/M);

these inequalities do not depend on the homological homogeneity of R. Let x,,...,x,
be a maximal C-sequence in m on R, and let ] = X, x,R. By [5, 3.4], R/I has
nonzero socle. Now by [7, 2.1] J(R) has the AR property.

So

prdimg(R/I) = rtgldim(R) = prdim(R/M)
by 2.3. However, prdim g(R/I) = I by [4, 4.11]. Hence
Gc(M) = prdimg(R/M),

as required. Since k-dim(R) = sup{rank M: M a maximal ideal of R} [7, 1.7], the
last claim follows also.

2.6. Theorem 2.5 generalizes [S, 6.2] in which R is assumed to be local, and [12,
Theorem 170}, in which R is commutative. In view of 2.5, all the results of [5, §§4
and 5] apply to right Noetherian hom. hom. rings. In particular,

(a) for all primes ideals P of R, G~(P) = rank(P) (S, 4.11];

(b) R and C satisfy the saturated chain condition on prime ideals [5, 5.2].

2.7. It follows easily from 2.5 that the apparent dependence, in the definition of a
homologically homogeneous ring, on the central subring C in question is illusory:

PROPOSITION. Let R be right Noetherian with center Z. Let C be a subring of Z over
which R is integral. Then R is hom. hom. over Z if and only if R is hom. hom. over C.

ProoFr. Clearly, if R is hom. hom. over C then it is hom. hom over Z. Conversely,
suppose R is hom.hom. over Z. Let M and N be two maximal ideals of R with
MNC=NNC. Let m=MnN Z. Now rank(m) = rank(M) is finite, by 2.5.
Hence rank(m) = rank(M N C), since Z is integral over C. Similarly, rank(N) =
rank(N N Z) = rank(N N C). Thus, rank(M) = rank(N), so prdimgz(R/M) =
prdimz(R/N) by 2.5. That is, R is hom. hom. over C.
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In view of this result, we shall sometimes not mention the central subring C in
question when describing a ring as homologically homogeneous.

3. Localization and homological grade. Our principal target in this section is
Theorem 3.5 which generalizes Corollary 2.2 to localization at an arbitrary semi-
prime ideal of the center. As a by-product of its proof we obtain in 3.6 a
homological characterization of the grade of an ideal.

3.1. Let I be an ideal of R. The homological grade of I, denoted gr( 1), is defined as

gr(1) = inf{n: Ext}(R/I, R) # 0}.

Let prdim(R/I) =t < oo. Then clearly 0 < gr(/) <. In general gr(/) = G(I);
this is an immediate consequence of the following result, proved exactly as in the
case where R is commutative [12, Appendix 3.1].

THEOREM. Let R be a ring with central subring C, and let A and B be R-modules. Let
Xi,....Xx, be a C-sequence on A, with B(Z, x;,R) = 0. Then

Ext(B, A) = HomR(B, A/A( 2x,R)).

COROLLARY. Let R be a ring with central subring C, I an ideal of R and x,...,x, a
C-sequence in I on R. Then Ext(R/I, R) =0 fori =0,1,...,n — 1.

3.2. LEMMA. Let R be hom. hom. of dimension n over the local central subring C. Let
P be a prime ideal of R with k-dim(R/P) = 1. Then prdimg(R/P)=n — 1.

PROOF. Let ¢ € C(P). There is an exact sequence of right R-modules
v
0—~R/P->R/P—>X—0

where ¢is the left multiplication by ¢ and X is Artinian. By [12, Theorem B(4), p.
124) and Lemma 2.3, prdimg(R/P) = n — 1. By [4,4.8], prdim(R/P)<n — 1.

3.3. An easy induction on the rank, just as in the commutative case [12, Theorem
138] using [5, 4.10}, yields

LEMMA. Let C be a central subring of the right Noetherian ring R, P a prime ideal of
R. Then G~(P) < rank(P).

3.4. LEMMA. Let R be a right Noetherian C-Macaulay ring, and let & be a
multiplicatively closed subset of C\{0}.

(i) If P is a prime ideal of R with P N & = @, then G-(P) = G (P;).

(i1) R is a Cs-Macaulay ring.

PROOF. By [5, 4.5 and 4.6], G-(P) < G (P5). Hence
Gc(P) < G (Ps) < rank( P:), by33
<rank(P) = G-(P), byl[5,4.12].

Thus, equality holds throughout; (i) and (ii) are immediate.
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3.5. THEOREM. Let R be a ring homologically homogeneous over the central subring

C, and let p be a semiprime ideal of C. Let q,...,qa, be the primes of C minimal over
p. Then R, is hom. hom. over C,, and
(1) rtgldim(R,) = k-dim(R,) = max {Gc(q,.) = max rank(q,)}.

PROOF. Suppose that fori = 1,2,...,1; qu is hom. hom. over Cq'. By 2.5 and 2.3,
rtgldim(R, ) = k-dim(R, ) = G.(a,) = rank(q,)

for each i. Since R a, is a localization of R, at a maximal ideal of C,, 2.1 and 2.3
imply that R is hom. hom. over C, and that

rtgldim(R,) = max {rtgldim(R, )}.

Since clearly k-dim(R, ) = max(k-dim(R )) we obtain all the equalities (1). It thus
suffices to consider the case when p is prime. Let

p:pocplc... Cpr:m
> > >

be a saturated chain of prime ideals of C lying between p and a maximal ideal m of
C. The proof is by induction on r; the case r = 0 follows from 2.1, 2.5 and 3.4.
Lemma 3.4 also shows that it suffices to treat the case r = 1, which we now do; 3.4
and 2.2 show that we may assume that C = C_, is local.

Let n = rank(m) = G~(m). Then by [5, 5.2 and 4.1]

(2) rank(p) = G-(p) =n— 1.

Let P be a prime ideal of R with P N C = p, so that k-dim(R/P) = 1. By 3.2,
(3) prdimg(R/P) =n— 1.

By (2) and Corollary 3.1, Extix(R/P, R) = 0 for 0 < i < n — 2. Hence, by (3),
(4) Exto(R/P,R) #0 e i=n—1.

Since Extx(R/P, R), = Exti (R,/P,, R,), (4) shows that

(5) Exti (R,/P,,R,) #0=i=n—1.

By (3) and (5),

(6) prdimg(R,/P,) =n— 1.

Since J(R ) has the right AR property (7, 2.1],

(7) rigldim(R,) =n — 1

by (6) and 2.3(i). The theorem follows from (2) and (7), since k-dim(R ) coincides
with its classical Krull dimension [7, 1.7, 1.8].

3.6. THEOREM. Let R be a ring which is hom. hom. over C. Let P be a prime ideal of
R, of rank t. Then
(i) gr(P) = G(P) = tand
(ii) if n = sup{prdimgx(V'): V a simple (R/P)-module} then
n=gr(P) + k-dim(R/P) = G-(P) + k-dim(R/P).
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PrOOF. (i) By 2.5, R is Macaulay, so G-(P) =t by [5, 4.11]. By Corollary 3.1,
gr(P) = G-(P). We claim that
(8) gr(P) < Go(P).
If P is maximal this follows from 2.5. Otherwise, localize at a prime ideal q of C
containing P N C, so that k-dim(R_/P,) = 1. Then G(P) = Gc(P,) = s say, by
3.4, and

Exty(R,/PR,. R,) #0

by (5) in the proof of 3.5. That is, gr(P) < s, and (8) is proved.
(i) Let m = ro(V'), where V is a simple (R/P)-module with prdim (V') = n.
Then
n=rtgldim(R ), by 2.1 and 2.3(i)
= k-dim(R ), by 3.5
= rank(P, ) + k-dim(R,/P,), by][5,5.1]
= GC".( P.) + k-dim(R,/P,), by [5, 4.11]
< G-(P) + k-dim(R/P), by 3.4
= gr(P) + k-dim(R/P), by 3.6(i).

Now let w = G-(P) + k-dim(R/P), so there exists a maximal ideal M of R with
P C M and rank(M) = w. Let V be the simple R-module with VM =0, so
prdim(¥) = w by 2.5. Hence, n = w, and the proof is complete.

4. The factor by a C-sequence. While the factor of a hom. hom. ring R by an ideal
I generated by a C-sequence need not be hom. hom.—consider k[ X]/{ X?)—such a
ring is C-Macaulay and “Gorenstein”. Consequently, R/I has a quasi-Frobenius
quotient ring, (4.4). This applies in particular when 7 = 0, and leads easily to the
conclusion that R is semiprime, (4.2).

4.1. We begin by recording a result which was essentially proved in [5], and which
is a straightforward analogue of results in the commutative theory [12, Theorems 137
and 141].

THEOREM. Let R be a right Noetherian C-Macaulay ring, let x,,...,x, be a
C-sequence on R. Put I = 3, x,R, R = R/Iand C = [C + I]/C. Then
()R s a C-Macaulay ring.
(ii) R has a right Artinian quotient ring.
ProOF. (i) Clearly, only the case 7 = 1 need be considered. Let M be a maximal
ideal of R containing x,. Now, setting M = M /I,
Ge(M)=Go(M)—1 by[5,4.4]
= rank(M) — 1
=1+ rank(M ) — 1 = rank(M ),
where the inequality holds since x; does not lie in any minimal prime of R. But
rank(M) = Gz(M) by 3.3, so (i) is proved.
(i1) This follows from (i) by [5, 4.13].
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4.2. COROLLARY. If R is a hom. hom. ring, then R is semiprime.

PrROOF. By 4.1(ii) R has a right Artinian quotient ring Q, which is obtained by
localizing at C(N N Z), where N is the nilpotent radical of R and Z is the center of
R. By 3.5, Q is semisimple Artinian.

4.3. To strengthen 4.1 for hom. hom. rings we need a well-known lemma.

LEMMA Let Q be a right Artinian ring of finite right injective injective dimension
such that every irreducible right Q-module occurs in the socle of Q. Then Q is
quasi-Frobenius.

PROOF. Let Q have injective dimension n, and suppose n > 0. Let V be an
irreducible right Q-module, so there is an exact sequence

0-V->0Q-0/V-0.

This yields the exact sequence

Ext"(Q, Q) — Ext"(V, Q) - Ext""(Q/V, Q).

Since the outer terms are both zero, Ext"(V, Q) = 0. Hence, Ext"(B, Q) = 0 for
every Q-module B of finite length, and so Q has injective dimension at most (n — 1),
a contradiction. Thus, n = 0, and Q is quasi-Frobenius [18, Chapter XIV, 3.3].

4.4. THEOREM. Let R be a ring which is hom. hom. over a central subring C, and let
X,,...,X, be a C-sequence on R. Set = 3, x,R and R = R/I.

(i) The right annihilator primes of R are precisely the minimal primes of R.

(ii) The right quotient ring of R exists and is quasi-Frobenius.

(iii) R is left Goldie and its left annihilator primes are precisely its minimal primes.

PROOF. (i) Since R has a right Artinian quotient ring, by 4.1(ii), its right
annihilator primes are minimal. Conversely, let P/I be a minimal prime of R. Then
Go(P) =1, so gr(P) =1t by 3.6(1). That is, Extx(R/P, R) # 0. By 3.1,
Hom x(R/P, R) # 0. It follows that P /I is contained in a right annihilator prime of
R. The result therefore follows by appealing once more to 4.1(ii).

(ii) The right quotient ring Q of R exists by 4.1(ii). Since R has finite right injective
dimension, so does R by [12, Theorem 205]. Hence Q has finite right injective
dimension. By (i) and 4.3, Q is quasi-Frobenius.

(iii) Since Q is quasi-Frobenius, it is left Artinian and left self-injective, so its left
socle contains a copy of each of its irreducible left modules [18, Chapter XIV, §3].
Let N/I be the nilpotent radical of R/I and put a = N N C, s0 C(a) C Cx(I) by
(ii) and Small’s Theorem. Let C be the image of C(a) in R. The integrality of R over
C implies that R is the complete right quotient ring Q of R. Since Cis central, Q is
also the left quotient ring of R. The left hand properties of Q now yield the desired
conclusions concerning R.

5. Direct sums of prime rings. In this section we improve on 4.2 by showing that a
hom. hom. ring is a direct sum of prime rings (5.3).
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5.1. LEMMA. Let R be a semiprime right Noetherian ring integral over a central
subring C. Suppose that R/cR has a right Artinian quotient ring for each element
¢ € Cr(0) N C. Suppose R is not semisimple Artinian. Then

(1) R = N, 2, Ry, where k-dim(R,) = 1 for all A € A.
(ii) If R is hom. hom. over C, rtgldim(R,) = 1 for all A € A.

PROOF. (i) Let P,,...,P, be the minimal prime ideals of R. Let T be a rank 1
prime ideal of R. Renumber the P,’s if necessary so that P, C T for 1 <i <k and
P.gTfork+1<i<nLetC=CT)N N, C(P).

Let I={r€R: rc =0, c € C}. Thus I is an ideal and Ic = 0 for some ¢ € C.
Since ¢ € P, for alli = 1,...,n, I = 0. Hence the localization R, is a subring of the
quotient ring of R and R C R.. Denote R by R., and note that, its prime ideals
having rank at most one, R ., has Krull dimension one.

We claim that

9) R = N {R;.: Trank 1 prime}.

Let ¢ be an element in the intersection, and set X = {r € R: rq € R}, a left ideal.
Write g as ac™' where a € R and ¢ € Cx(0) N C. By Jategaonkar’s Principal Ideal
Theorem [8, 3.5], the prime ideals minimal over cR have rank one. By definition,
X N Cx(T) # @ for every prime ideal T minimal over cR. Hence, X N Cx(N) # @,
where N/cR is the nilpotent radical of R/cR. By hypothesis and Small’s Theorem,
there exists d € X N Cp(cR). Thus dg € R, and so dcq = cdq € cR. Sice d €
Cr(cR) and ¢q € R, cq € cR. Hence, g € R, and (9) is proved.

(ii) Since each R, in (i) is a localization R. at a semiprime ideal of C, this follows
from 3.5.

5.2. LEMMA. Let R be a semiprime right Goldie ring. Suppose that R = (N, _, R,
where each R, is a subring of the right quotient ring Q of R. If each R, is a direct sum
of prime rings, then the same is true of R.

PROOF. Let e be a central idempotent of Q. Since R, is a direct sum of prime rings
and has Q as its right quotient ring, e € R, for every A € A. Thuse € R.

REMARK. If R is a right order in a right Artinian ring the above result holds more
generally with ‘direct sum of prime rings’ replaced by ‘direct sum of prime and right
Artinian rings’.

5.3. Commutative Noetherian rings of finite global dimension and semiprime right
Noetherian right hereditary rings are both direct sums of prime rings [12, Theorem
168] and [8, 8.4 and 8.23]. The next theorem generalizes the first of these results and
partially generalizes the second.

THEOREM. Let R be a hom. hom. ring. Then R is a direct sum of prime hom. hom.
rings.

PRrROOF. By 4.2, R is semiprime. It satisfies the hypothesis of 5.1, by 4.1(ii). Hence
R = N, R,, where each R, is a semiprime right hereditary partial quotient ring
of R. By Levy’s theorem [8, 8.4 and 8.23], R, is a direct sum of prime rings. The
result follows from 5.2.
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5.4. For every integer n = 2, there exist semiprime Noetherian rings finitely
generated over their centers, of global dimension n, which do not decompose as a
direct sum of prime rings [15]. Thus the hypothesis that R is hom. hom. is crucial in
5.3.

6. The center of a homologically homogeneous ring. In the light of 5.3 we need
consider only the case of a prime hom. hom. ring.

6.1. THEOREM. Let R be a hom. hom. prime ring with rtgldim(R) = n. Let
Z =Z(R). Then Z is a Krull domain with classical Krull dimension n. If Z is
Noetherian then k-dim(Z) = n.

PRrOOF. Specialized to the case where R is prime, 5.1 says simply that R = M _, R,
where 9 is the set of rank 1 primes of Z. Let Q be the quotient ring of R. Then

z=RnZ(@Q)= NR,NZ(Q)= N Z(R,)= N Z,
pe? pe®? pe?
If p € 9, R, is right hereditary by 3.5, and so Z, is a Krull domain [1, 7.1] which is
local and of dimension 1. Thus Z, is a DVR, and so Z is a Krull domain. Since R is
Z-Macaulay of dimension n, by 2.5, and R is integral over Z, the remaining claims
follow from [5, 4.11].

6.2. For the special case of a local ring R, 6.1 is [5, 6.6].

6.3. Since there exist prime Noetherian rings of arbitrary finite global dimension
which are finitely generated over a central Dedekind domain [20], the dimensional
aspects of 6.1 clearly require that R be hom. hom. It would seem to be an open
question, however, whether the center of a prime Noetherian ring of finite global
dimension is necessarily integrally closed (even when the ring is finitely generated
over the center).

6.4. In addition to the properties given by 6.1, the center Z of an n-dimensional
hom. hom. ring possesses a Cohen-Macaulay module of grade n (namely R). How-
ever, even when Z is Noetherian, it need not itself be Cohen-Macaulay [5, 7.3]. The
determination of which commutative domains can appear as the centers of prime
right Noetherian hom. hom. rings would appear to be a difficult problem.

7. Polynomial rings and group rings. We discuss here the homological homogeneity
of polynomial extensions (7.3), and hom. hom. group rings (7.5).

7.1. It is not hard to use the theory developed in [5, §4] to prove the following
result, by mimicking the corresponding argument in the commutative theory [12,
Theorem 151]. We leave the details to the reader.

PROPOSITION. Let R be a right Noetherian ring finitely generated as a module over
the central subring C. If R is C-Macaulay then R[ X] is C[ X]-Macaulay. Indeed, if M
is a maximal ideal of R[ X]and P = M N R, then

Gex)(M) = G-(P) + 1 =rank(P) + 1 = rank(M).

7.2. The next result is a partial converse to 2.5.
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PROPOSITION. Let R be a right Noetherian ring integral over the central subring C.
Suppose that rtgldim(R) = n < oo and that R is C-Macaulay with rank(M ) = n for
all maximal ideals M of R. Then R is hom. hom.

Note. The hypothesis on the ranks of the maximal ideals of R is necessary in this
result—consider R = ({ £) for a field F.

PROOF. Let M be a maximal ideal of R. Then G.(M) = rank(M) = n, so
Ext(R/M, R) =0 for 0 <i<n — 1 by Corollary 3.1. By hypothesis,
prdimg(R/M) <n. If prdimg(R/M) =0, M is a right annihilator prime, and so
M is minimal by 4.1(ii). In this case n = 0 and R is semisimple Artinian. Otherwise,
prdim #(R/M)=n>0. Since this holds for all maximal ideals M, the result
follows.

7.3. THEOREM. If R is a hom. hom. ring finitely generated as a module over its
center, Z, then so is R[ X].

Proor. Clearly R[X] is integral over Z[X]. Let rtgldim(R) = n < o0, so
rtgldim(R[X]) = n + 1 by [16, 9.34]. Let M be a maximal ideal of R[X], let
M N Z[X]=m, and let M = M,,..., M, be the maximal ideals lying over m. Put
p=mNZ Let®=2Z\pand S = Z[ X\ m. By 2.1

PrdimR[X]s(R[X]k%/M,g) = prdimgy(R[ X]/M,)

fori = 1,...,t. Hence, we need only prove that R[ X]s is hom. hom.

Now R[X], = Ry[X] is Zs[ X]-Macaulay by 3.5, 2.5 and 7.1. Hence R[X]s is
C[X]s-Macaulay by 3.4. The maximal ideals of R[X]s are M,,....M,. For
i=1,...,1,

(10) rank( M, ) = rank(M,) = rank(M, N R) + 1, by7.1,
=rank(p) + 1 = rtgldim(R;) + 1,
by 3.5.
Since R[ X]s is a localization of R [ X],
(11) rtgldim(R[ X]s) <rtgldim(R,) + 1,

by [16, 9.34]. By (10), (11) and [5, 6.1], equality holds in (11). Therefore R[ X] is
hom. hom. by 7.2.

7.4. Essentially the same proof can be used to obtain a somewhat stronger
statement than 7.3: If R is hom.hom. and finitely generated over Z and o is an
automorphism on R of finite order which is the identity on Z, then R[X; o] is
hom. hom. We are grateful to R. Resco for pointing out to us that uncertainty over
the preservation of integrality under polynomial extension forces us to require, here
and in 7.3, that R be a finitely generated Z-module.

7.5. PROPOSITION. Let G be a finitely generated group with an abelian normal
subgroup A of finite index. Let S be (a) the ring of integers or (b) a field. Suppose in
case (a) that G is torsion free and in case (b) that, if char S = p > 0, G has no element
of order p. Then SG is hom. hom.
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PrOOF. The ring SG is Noetherian [13, 10.2.8], finitely generated over its center
[13, 4.1.10], and has global dimension equal to h(G) + 1 [resp. h(G)] is case (a)
[resp. case (b)], where A(G) denotes the Hirsch number of G, [16, 9.3] and {19, 9.2].
Clearly, we may assume that A4 is torsion free. Let n be the global dimension of SG,
and let ¥ be an irreducible SG-module. By [13, 7.2.16] V has finite length as an
SA-module, and so prdimg,(V) = n by the commutative theory (or by 2.5). Since
SG is SA-free, prdimg;(¥V') = n. Hence prdimg;(¥V) = n and SG is hom. hom.

8. Concluding remarks.

8.1. As mentioned in §1, the results of this paper generalize those of [5] on a local
ring R of finite right global dimension integral over its center. There is one
important point where the theory fails to extend, however: If R is local and
hom. hom., then it is a maximal order [10). For arbitrary hom. hom. rings, this is false
—consider for example the ring [%, Z]. In fact it is not hard to deduce from 5.1 and
[6, Corollary 3.8] that a Noetherian hom. hom. ring is a direct sum of maximal orders
if and only if all its rank one primes are localizable.

8.2. The results of this paper have all been obtained for a right Noetherian
hom. hom. ring. But we have no example of such a ring which is not left Noetherian
—we leave the existence of such rings as an open question. A hom.hom. ring
satisfying a P.L. is Noetherian by 4.2 and [17, 5.1.7]. In dimension one, no one-sided
examples can exist, by 4.4(i1).

8.3. The key properties of hom.hom. rings are that they have finite global
dimension and that the projective dimensions of “closely related” irreducible mod-
ules are the same. Consideration of other examples, notably group rings and
enveloping algebras, leads us to suspect that the integrality hypothesis (while crucial
to our proofs), may be much less significant. For example, the equality of the Krull
and global dimensions, and the decomposition as a direct sum of prime rings, may
be valid in much more general circumstances than those treated here. We state
without proof the following sample result, which can be proved quite easily using a
result of Small [11, Proposition 4] and the techniques of this paper:

Let R be a prime affine P.1. ring of finite right global dimension n such that for all
irreducible R-modules V and W with r,(V') = r (W), prdim(V') = prdim(W). Then
k-dim(R) = n.

Note that not all prime Noetherian affine P.I. rings satisfy this homogeneity
hypothesis, nor the conclusion—see [14, 1.7 and 1.8].
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